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Abstrat
New numerial method to alulate thermodynmi Bethe ansatz equations is proposed based
on Newton's method. Thermodynami quantities of one-dimensional Hubbard model is numeri-
ally alulated and ompared with high temperature expansion and numerial results of quantum
transfer matrix method by Juttner, Klumper and Suzuki. The oinidene is surprisingly good.
We get high-temperature expansion of grand potential up to 
6
.
PACS numbers: 71.27.+a, 05.30.-d, 05.30.Fk
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I. INTRODUCTION
Many years ago, one of the authors (MT) proposed thermodynami Bethe ansatz (TBA)
equations for one-dimensional Hubbard model [2℄. In this theory several kind of strings are
assumed and it is widely believed that this set of equations give the exat thermodynami
quantities of this model. Low-temperature thermodynamis were investigated by MT [3℄
and atual numerial alulations at nite temperature were done by Kawakami, Usuki and
Okiji [4℄. Essler, Korepin and Shoutens [5℄ ounted the number of states by the single
k exitations,  strings and k    strings. They found that total number of these Bethe
ansatz states and their relatives is 4
N
a
, where N
a
is the length of the systems. This implies
that the Bethe ansatz an give all eienstates and eigenvalues. However some physiists are
still skeptial for this theory [8℄. Reently Charret et al [7℄ did the numerial alulation
of this equation and onluded that it does not oinide with high temperature expansion
and quantum transfer matrix(QTM) method by Juttner, Klumper and Suzuki [6℄. In this
paper we give a pratial method to alulate numerially TBA equations whih has innite
unknown funtions. Numerial results ompletely oinide with those of QTM and HTE.
Charret et al's numerial alulation of TBA equations is wrong. The Hubbard Hamiltonian
is
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Here 
y
j
and 
j
are reation and annihilation operators of an eletron at site j. < ij >means
that sites i and j are nearest neighbors. N
a
is the number of atoms. We put t > 0; U > 0.
Thermodynami potential per site g at temperature T is determined by
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(k) and 
1
() are hole-partile ratios of k exitations and single  exitations. These are
determined by thermodynami Bethe ansatz equations for k exitations,  strings and k 
strings;
ln (k) =

0
(k)
T
+
Z
1
 1
ds(  sin k) ln

1 + 
0
1
()
1 + 
1
()

; (7)
ln 
1
() = s  ln(1 + 
2
())
 
Z

 
s(  sin k) ln(1 + 
 1
(k)) os kdk; (8)
ln 
0
1
() = s  ln(1 + 
0
2
())
 
Z

 
s(  sin k) ln(1 + (k)) os kdk; (9)
ln 
j
() = s  lnf(1 + 
j 1
())(1 + 
j+1
())g;
j  2; (10)
ln 
0
j
() = s  lnf(1 + 
0
j 1
())(1 + 
0
j+1
())g;
j  2; (11)
lim
n!1
ln 
n
()
n
=
2h
T
; (12)
lim
n!1
ln 
0
n
()
n
=
U   2A
T
: (13)
Here s  f() 
R
1
 1
s(  
0
)f(
0
)d
0
and 
0
(k) is dened by

0
(k)   2t os k
 4t
Z
1
 1
ds(  sin k)<
p
1   (  U
0
i)
2
: (14)
3
Details of derivation are given in referenes [1, 2, 9, 10℄. Noting that ln(1 + 
 1
) = ln(1 +
)  ln  in (8) and substituting (7) we have
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In Ref. [2℄ this set of equations were solved analytially in the limits T ! 0, t ! 0, and
U ! 0 and oinided with known exat results. In a reent paper Charret et al [7℄ solved
numerially this set of equations at high temperature and argued that there is disrepany
from high temperature expansion and numerial results of Juttner, Klumper and Suzuki
equations [6℄. We realulate the same quantities in this region and nd that the results
oinide with high temperature expansion and JKS equations in high auray. In III we
review t expansion for one-dimensional Hubbard model by the onventional linked luster
expansion. From the t expansion, we an derive  expansion of  g for the 1D Hubbard
model up to 
6
. Expansions of suseptibility and spei heat are obtained. In Appendix
A, we an perform t expansion of TBA equations. The results oinide with the luster
expansion up to the seond order. We expet that the higher terms also oinide.
II. TRUNCATION OF TBA EQUATIONS TO FINITE UNKNOWN FUNCTIONS
As an approximation we replae s() by
1
2
Æ() at j > n

in equations (10) and (11).
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This approximation is reasonable beause funtions 
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suÆ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From the onditions (12) and (13), parameters a and b must be h=T and (U=2 A)=T . Then
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Thus integral equations with innite unknown funtions are approximated by those with
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We introdue three thermodynami parameters:
u
1
 1=T; u
2
 (U=2  A)=T; u
3
 h=T:
For atual numerial alulations we hoose L disrete points of k and  as follows:
k
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Here funtion  = sin q
p
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is the inverse funtion of
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We think that this hange of parameters is reasonable beause the hange of funtions is very
slow at large . For very big U
0
this funtion behaves as U
0
tan q and for small U
0
it behaves
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as sin q. Unknown funtions are represented by vetors with length L and integration kernels
are represented by L L matries.
Usually this kind of non-linear equations is alulated by suessive iterations, whih is
alled Kepler's method. In the solution of TBA equations we need to repeat several tens or
several hundreds times of iterations to get a good onvergene.
So here we propose to use Newton's method. Consider a oupled non-linear equations:
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In Kepler's method next approximation is
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This method is muh faster than Kepler's method. But we must solve linear equations with
NN matrix. In our TBA problem, N is (2n

+1)L. This large matrix is blok tridiagonal.
Regarding LL bloks as a number we an solve this set of linear equations. We need only
5-6 times of iterations at most to get suÆient onvergene
P
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. We an get the
thermodynami potential through equation (2):
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To get the rst order thermodynami quantities like magnetization (m), eletron density
(n) and entropy we need to alulate (g=T )=u
1
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.
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The equations for 
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is a linear equation whih has the same homogeneous term with
that in Newton's method. Inhomogeneous terms are alulated from z

. Therefore we 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ulate these quantities by one operation of linear alulation,
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To alulate the seond order thermodynami quantities suh as spei heat, susepti-
bility and ompressibility we need 3 3 tensor 
i

j
(g=T ). As this is a symmetri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The inhomogeneous terms are alulated from z

and 
i
z

. So we an alulate thermody-
nami quantities from 10 quantities g=T and its derivatives for given temperature, magneti
eld and hemial potential after several times of linear equation solving. Spei heat 
in onstant n and m, suseptibility  in onstant n and temperature, ompressibility  in
7
onstant temperature and m=n are given by
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If we want to alulate thermodynami quantities at xed eletron density, we an use
Newton's method again. Using the ompressibility we reah target density after few times
of iterations.
III. t-EXPANSION AND (= 1=T ) EXPANSION
The t expansion of thermodynami potential up to t
4
has been done for single band
Hubbard model by Kubo [11℄ and Liu [12℄. For one-dimensional model their expansion
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From equation (32) and (33) we an alulate all oeÆients A
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when U = h = h
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This expansion up to 
4
is equivalent to the one obtained by Charret et al. Moreover we
ould get two more terms higher than theirs in high-temperature expansion of the grand
potential. From this expansion we get spei heat and magneti suseptibility per site at
half-lled and zero eld ase:
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In gure 1 we plot our numerial results of TBA equations of spei heat at U = 4; h =
0; A = U=2. They agree very well with high temperature expansion when  < 0:1. Dashed
line is the numerial alulation of TBA equations by Charret et al. Figure 2 is spei heat
at U = 8. Figure 3 is the suseptibility at U = 4; h = 0; A = U=2.
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FIG. 1: Spei heat at U = 4; h = 0; U=2   A = 0. Points are our results of TBA alulations
and dashed line is Charret et al's alulation. Full line is high temperature expansion.
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FIG. 2: Spei heat at U = 8; h = 0; U=2  A = 0.
IV. DISCUSSION AND CONCLUSION
In this paper, we show that TBA equations and QTM formulations by Juttner et
al give ompletely the same numerial results and oinide also with the high temper-
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FIG. 3: Magneti suseptibility at U = 4; h = 0; U=2 A = 0.
ature expansion. Charret et al' s numerial alulation for TBA equations is not or-
ret. Probably the onvergene ondition is too generous. Our numerial alulation
is done by use of mathematia 4.1. Soure le is available from http://www.issp.u-
tokyo.a.jp/labs/theory/mtaka/index.html.
Kawakami's alulation and Juttner's alulation are based on Kepler's method. TBA
equations show very slow onvergene in Kepler's method. One needs several tens or several
hundreds of iterations if one take n

= 6. Juttner's QTM equation is a bit faster but one
needs several tens of iterations. Charret's method seems to be based on Kepler's method
as they reported that the TBA equations onverged after 2-3 times iterations. This is too
short and not reliable. We onlude that the disrepany between TBA equations with
QTM equations or high-temperature expansion omes from their inappropriate onvergene
onditions.
We get very fast onvergene if we adopt Newton's method. After 5-6 times of itera-
tions we get suÆient onvergene. Moreover in Newton's method the error dereases with
aeleration.
We made numerial programs for TBA and QTM equations. In table I, we observe
the dependene of the numerial results on n

. As n

inreases they onverge to the high
temperature expansion and Juttner's QTM alulation. Both equations give ompletely the
same numerial results. Espeially for the grand potential the values oinide with 5 gures
auray. We an onlude that both equations are equivalent, although the mathematial
11
equivalene is not yet proved.
About the SO(4) symmetry referene [2℄ did not treat expliitly. But in referene [1℄ the
symmetry is treated arefully and the same equations are derived. The thermodynamis
may not be sensitive to the SO(4) symmetry. In onlusion we an use TBA equations for
thermodynami quantities of 1D Hubbard model. But one needs some numerial tehnique
shown in this paper.
For the XXZ model it is known that the TBA equations and QTM method give the
ompletely the same results numerially [15{18, 20℄. Reently, it is shown that TBA equa-
tions an be derived from quantum transfer matrix formulations for this model [13, 19℄. An
intriguing new simple equation, whi has only one unknown funtion, was also derived both
from TBA and QTM [14℄. In future, we hope to show the equivalene of two formulations
for the Hubbard model.
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 g e entropy C 
n

= 6 14.96245182 0.801931104 1.37643829 0.01943355 0.05459858
n

= 12 14.96247427 0.801886862 1.37643611 0.01943778 0.05465946
n

= 24 14.96247646 0.801882551 1.37643590 0.01943818 0.05467815
n

= 48 14.96247660 0.801882261 1.37643588 0.01943821 0.05468324
n

= 96 14.96247662 0.801882219 1.37643588 0.01943821 0.05468587
 exp. 14.96246886 0.801890167 1.37643590 0.01943825 0.05468635
JKS 14.96246887 0.801890163 1.37643590 0.01943818 0.05468632
TABLE I: Numerial results of TBA equations for grand potential, energy, entropy, spei heat
and suseptibility at  = :1; U = 4; h = U=2  A = 0 for various values of n

. We put L = 64 and
ompare with high temperature expansion (36) and Juttner et al's QTM equations. We nd that
n

= 6 is pratially suÆient.
APPENDIX A: t-EXPANSION FOR TBA EQUATIONS
First, we expand e
0
as power series of U
0
= 4t=U ,
e
0
=  4
h
(
1
2
)
2
ln 2U
0 1
  (
1  3
2  4
)
2
(3)
3
(1  
1
2
2
)U
0 3
+ :::
i
: (A1)
Then we have t expansion of onstant term of  g,
(A  e
0
) = A+
4 ln 2
U
(T )
2
 
9(3)
(U)
3
(t)
4
+O(t)
6
: (A2)
We put  = U
0
x. 
0
; 
0
; 
0
and s
1
are written as follows:

0
() =
t
U
seh

2
x
h
1 +

2
t
2
U
2
( 1 + 2 tanh
2

2
x) +O(t
4
)
i
;

0
(k) =
1
2
+
2t ln 2
U
os k +O(t
3
);

0
(k) =  2t os k  
U
2
 
4t
2
ln 2
U
+O(t
3
);
s
1
() =  
2t
2
U
seh
x
2
+O(t
3
): (A3)
Integral
R
1
 1
ds(  sin k)::: beomes
Z
1
 1
dxs(x)
h
1 +
2t
U
sin k tanh

2
x+ (
2t
U
sin k)
2
( 
1
2
+ tanh
2

2
x) +O(t
3
)
i
;
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where
s(x) 
1
4
seh

2
x:
TBA equations are
ln (k) = ( 
U
2
  2t os k  
4t
2
ln 2
U
) +
Z
1
 1
dxs(x)

h
1 +
2t
U
sin k tanh

2
x+ (
2t
U
sin k)
2
( 
1
2
+ tanh
2

2
x)
i
ln
1 + 
0
1
(x)
1 + 
1
(x)
;
ln 
1
(x) =  
8t
2
U
s(x) 
4t
U
Z

 
s(x)(1 +
2t
U
sin k tanh

2
x) ln(1 + (k)) os kdk
+s  ln(1 + 
2
(x));
ln 
0
1
(x) =  
4t
U
Z

 
s(x)(1 +
2t
U
sin k tanh

2
x) ln(1 + (k)) os kdk + s  ln(1 + 
0
2
(x));
ln 
j
(x) = s  ln[(1 + 
j 1
(x))(1 + 
j+1
(x))℄;
ln 
0
j
(x) = s  ln[(1 + 
0
j 1
(x))(1 + 
0
j+1
(x))℄: (A4)
 g is given by
 g = A+
4 ln 2
U
(t)
2
+
Z

 
(
1
2
+
2 ln 2t
U
os k) ln(1 + (k))dk
+
Z
1
 1
s(x)(1 +

2
t
2
U
2
( 1 + 2 tanh

2
x)) ln(1 + 
1
(x))dx: (A5)
We expand futions by power series of t,
ln(1 + 
j
(x)) = ln

j

j
  1
+ (t)f
(1)
j
(x) + (t)
2
f
(2)
j
(x) + :::;
ln(1 + 
0
j
(x)) = ln

0
j

0
j
  1
+ (t)f
0(1)
j
(x) + (t)
2
f
0(2)
j
(x) + :::;
ln(1 + (k)) = ln
z
0
z
0
  1
+ (t)z
(1)
(k) + (t)
2
z
(2)
(k) + :::: (A6)
We get
ln 
j
(x) = ln
1

j
  1
+ (t)
j
f
(1)
j
(x) + (t)
2
[
j
f
(2)
j
(x) +
1
2
(
j
  
2
j
)(f
(1)
j
(x))
2
℄ + :::;
ln 
0
j
(x) = ln
1

0
j
  1
+ (t)
0
j
f
0(1)
j
(x) + (t)
2
[
0
j
f
0(2)
j
(x) +
1
2
(
0
j
  
02
j
)(f
0(1)
j
(x))
2
℄ + :::;
ln (k) = ln
1
z
0
  1
+ (t)z
0
z
(1)
(k) + (t)
2
[z
0
z
(2)
(k) +
1
2
(z
0
  z
2
0
)(z
(1)
(k))
2
℄ + :::; (A7)
where

j
=
[j + 1℄
2
[j℄[j + 2℄
; 
0
j
=
[j + 1℄
02
[j℄
0
[j + 2℄
0
; z
0
= 1 + e
U=2
[2℄
[2℄
0
: (8)
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and [j℄ and [j℄
0
are q-integers dened by
[j℄ 
sinh jh
sinh h
; [j℄
0

sinh j(U=2 A)
sinh(U=2  A)
: (9)
We have
f
(1)
j
(x) = f
0(1)
j
(x) = 0; z
(1)
(k) =  2z
 1
0
os k: (10)
Equations for f
(1)
j
(x); f
0(1)
j
(x); z
(2)
(k) are

1
f
(2)
1
(x) =  
8
U
(1   z
 1
0
)s(x) + s  f
(2)
2
(x);

0
1
f
0(2)
1
(x) =
8
U
z
 1
0
s(x) + s  f
0(2)
2
(x);

j
f
(2)
j
(x) = s  (f
(2)
j 1
(x) + f
(2)
j+1
(x));

0
j
f
0(2)
j
(x) = s  (f
0(2)
j 1
(x) + f
0(2)
j+1
(x));
z
0
z
(2)
(k) = 2(1   z
 1
0
) os
2
k  
4 ln 2
U
+
Z
1
 1
dxs(x)(f
0(2)
1
(x)  f
(2)
1
(x)): (11)
Same kind of equations have appeared in high temperature expansion of XXX model. See
p.124-126 of [1℄ or [15℄. Solutions of these equations are
f
(2)
j
(x) =  
8
U
(1   z
 1
0
)
[2℄[j + 1℄

[j + 2℄a
j
(x)  [j℄a
j+2
(x)

;
f
0(2)
j
(x) =
8
U
z
 1
0
[2℄
0
[j + 1℄
0

[j + 2℄
0
a
j
(x)  [j℄
0
a
j+2
(x)

;
z
(2)
(k) =
2(z
0
  1)
z
2
0

os
2
k  
1
U [2℄
2
(1 +
[2℄
[2℄
0
e
 U=2
)

;
a
j
(x) 
j
(x
2
+ j
2
)
: (12)
Substituting (10) and (12) into (A6) and (A5) we get
 g = A  ln(1   z
 1
0
) + ln(2 osh h)
+(t)
2
n
4 ln 2
U
+
1
2
Z

 
[z
(2)
(k) +
4 ln 2
U
os kz
(1)
(k)℄dk
+
Z
1
 1
s(x)[f
(2)
(x) + ln

1

1
  1

2
t
2

2
U
2
( 1 + 2 tanh
2

2
x)℄dx
o
= ln  +
2(t)
2

2
[osh(h)e
A
(1 + e
(2A U)
) +
2
U
e
2A
(1   e
 U
)℄; (13)
where  is dened in (33). This oinides with (32) up to the seond order. Thus we have
proven that TBA equations give orret t expansion of  g up to (t)
2
.
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